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Abstract
In this paper, it is proved that a finite group G is p-nilpotent if every minimal subgroup of
P ∩ Op(G) is permutable in P and NG(P ) is p-nilpotent, and when p = 2 either [Ω2(P ∩
Op(G)),P ]  Ω1(P ∩ Op(G)) or P is quaternion-free, where p is a prime dividing the order
of G and P is a Sylow p-subgroup of G. By using this result, we may get a series of corollaries
for p-nilpotence, which contain some known results. Some other applications of this result are also
given.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
All groups considered in this paper are finite. A well-known result due to Itô [Hu, p. 435]
states that a group G is p-nilpotent if every element of G of order p lies in Z(G) and, in
case p = 2, every element of G of order 4 also lies in Z(G); here p is a prime dividing the
order of a group G. Another well-known theorem of Burnside for p-nilpotence asserts that
if p is a prime dividing the order of a group G and P is a Sylow p-subgroup of G such
that P is in the center of its normalizer then G is p-nilpotent.
As inspired by the above Burnside’s theorem and Itô’s lemma, one might wonder
whether a group G is p-nilpotent if every element of G with order p lies in the center
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where P is a Sylow p-subgroup of G? Recently, Ballester-Bolinches and Guo gave an
answer to this question [BG]. They proved the following result.
Theorem A [BG, Theorems 1 and 2]. Let p be a prime number dividing the order of
a group G and let P be a Sylow p-subgroup of G. If every element of P ∩G′ with order
p lies in the center of NG(P) and, for p = 2, either every element of P ∩G′ with order 4
also lies in the center of NG(P) or P is quaternion-free and NG(P) is 2-nilpotent, then G
is p-nilpotent; here G′ is the commutator subgroup of G.
Now recall that a subgroup H of a group G is permutable (or quasinormal) in G if
HK = KH for any subgroup K of G. It is clear that permutability is a weak form of
normality. Also, if p is a prime dividing the order of a group G then a characteristic
subgroup Op(G) of G is by definition the intersection of all normal subgroups N of G
for which G/N is a p-group. Thus G/Op(G) is the maximal p-factor group of G. It
follows that P ∩ Op(G)  P ∩ G′ if P is a Sylow p-subgroup of G. Hence a natural
question arise: is a group G still p-nilpotent if every subgroup of P ∩Op(G) with order
p is permutable in NG(P) and for p = 2 every cyclic subgroup of P ∩Op(G) with order
4 is permutable in NG(P)?
Let G= A5, the alternating group of degree 5, and let P be a Sylow 5-subgroup of G.
Then it is clear that P ∩Op(G)= P and NG(P) is a subgroup of G with order 10. Hence
every minimal subgroup of P ∩Op(G) is permutable in NG(P), but G is a simple group.
This example provides a negative answer to the above question. However, we can have the
following theorem.
Main Theorem. Let p be a prime number dividing the order of a group G and let P
be a Sylow p-subgroup of G. Assume that every minimal subgroup of P ∩ Op(G) is
permutable in P and NG(P) is p-nilpotent. Assume that, in addition, when p = 2 then
either [Ω2(P ∩ Op(G)),P ]  Ω1(P ∩ Op(G)) or P is quaternion-free. Then G is p-
nilpotent.
The corollaries to our main result contain not only Itô’s lemma and Burnside’s theorem
for p-nilpotence but also the results of Ballester-Bolinches and Guo [BG]. As other
applications, a result of Thompson for solvable groups [Ro, Theorem 10.4.2] and a result
of Buckley for supersolvable groups are generalized.
It can be shown that the hypothesis that for p = 2 either [Ω2(P ∩ Op(G)),P ] 
Ω1(P ∩ Op(G)) or P is quaternion-free in our main theorem cannot be removed. For
example, if we take G= GL(2,3) then we see that the elements
a =
(
0 1
1 1
)
, b=
(
2 0
2 1
)
, and c=
(
1 0
1 1
)
generate GL(2,3), and the following relations hold:
a8 = b2 = c3 = 1, b−1ab= a3, c−1a2c= ab,
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Also we see that P = 〈a, b〉 is a Sylow 2-subgroup of GL(2,3) and a semidihedral group
of order 16. Furthermore, Op(G)=G′ = SL(2,3) and therefore Op(G)∩ P =G′ ∩ P =
〈a2, ab〉 is a quaternion group of order 8. It is easily seen that NG(P) is 2-nilpotent and
Ω1(P ∩Op(G)) is contained in Z(P) = 〈a4〉, but G itself is not 2-nilpotent. Of course,
neither [Ω2(P ∩Op(G)),P ] is contained in Ω1(P ∩ Op(G)) nor P is quaternion-free.
Therefore the hypothesis that for p = 2 either [Ω2(P ∩Op(G)),P ]Ω1(P ∩Op(G)) or
P is quaternion-free is necessary in our main theorem.
2. Main results
We now establish our main theorem for p-nilpotent groups. Since P/P ∩G′ is abelian
and P/P ∩ Op(G) is not in general, our proof is more complex than that of Ballester-
Bolinches and Guo [BG]. On the other hand, since Op(G) is generated by all q-elements
of G for all q ∈ p′, it is easy to see that Op(H)Op(G) for every subgroup H of G. We
will often use this fact in the proof of Theorem 2.1.
Theorem 2.1. Let p be a prime number dividing the order of a group G and let P
be a Sylow p-subgroup of G. Assume that every minimal subgroup of P ∩ Op(G) is
permutable in P and NG(P) is p-nilpotent. Assume that, in addition, when p = 2 then
either [Ω2(P ∩ Op(G)),P ]  Ω1(P ∩ Op(G)) or P is quaternion-free. Then G is p-
nilpotent.
Proof. Assume that the theorem is false and let G be a counterexample of minimal order.
(1) Suppose M is a subgroup of G such that P M <G. Then M is p-nilpotent.
It is clear that NM(P)  NG(P), P ∩Op(M)  P ∩Op(G). If p = 2 and [Ω2(P ∩
Op(G)),P ]  Ω1(P ∩ Op(G)) then, since Ω1(P ∩ Op(G)) is an elementary abelian
group by the hypotheses, we obtain that
[
Ω2
(
P ∩Op(M)),P ] (Ω1(P ∩Op(G)))∩ (P ∩Op(M))=Ω1(P ∩Op(M)).
Thus M satisfies the hypotheses of our theorem. By the choice of G, M is p-nilpotent and
the claim (1) holds.
(2) Op′(G)= 1.
If Op′(G) = 1 then we may choose a minimal normal subgroup N of G such that N is
contained in Op′(G). Now consider the quotient group G/N . Clearly, NG/N(PN/N) =
NG(P)N/N and (PN/N) ∩ (Op(G/N)) = (P ∩ Op(G))N/N . If p = 2 and [Ω2(P ∩
Op(G)),P ]Ω1(P ∩Op(G)), we have that
[
Ω2
(
(PN/N) ∩ (Op(G/N))),PN/N]Ω1((PN/N) ∩ (Op(G/N))).
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know that G/N satisfies the hypotheses of our theorem. The minimality of G implies that
G/N is p-nilpotent and hence G is p-nilpotent, a contradiction.
(3) G is solvable with G = PQ. Furthermore, P is a maximal subgroup of G and
Op(G)Q/Op(G) is an elementary abelian q-group, where Q is a Sylow q-subgroup
of G and q = p.
Since G is not p-nilpotent, by Frobenius’ theorem [Ro, Theorem 10.3.2], there exists
a subgroup H of P such that NG(H) is not p-nilpotent. But NG(P) is p-nilpotent
by the hypotheses. Thus we may choose a subgroup H of P such that NG(H) is not
p-nilpotent but NG(K) is p-nilpotent for every subgroup K of P with H < K  P .
Now we claim that NG(H) = G. Suppose, on the contrary, that NG(H) < G. Then we
have H <P ∗  P for some P ∗ ∈ Sylp(NG(H)). Since P ∗ ∩Op(NG(H)) P ∩Op(G),
we see that every minimal subgroup of P ∗ ∩ Op(NG(H)) is permutable in P ∗ and, by
the choice of H , NG(P ∗) is p-nilpotent; thus NNG(H)(P ∗) is p-nilpotent. On the other
hand, by the hypotheses, it is easy to see that Ω1(P ∩Op(G)) is an elementary abelian
group. Hence, if p = 2 and [Ω2(P ∩Op(G)),P ] Ω1(P ∩Op(G)) then, noticing that
P ∗ ∩Op(NG(H)) P ∩Op(G), we have that
[
Ω2
(
P ∗ ∩Op(NG(H))),P ∗] (Ω1(P ∩Op(G)))∩ (P ∗ ∩Op(NG(H)))
=Ω1
(
P ∗ ∩Op(NG(H))).
If p = 2 and P is quaternion-free then of course P ∗ is quaternion-free. It follows that
NG(H) satisfies the hypotheses of our theorem for its Sylow p-subgroup P ∗. Now, by the
minimality of G, we immediately see that NG(H) is p-nilpotent, a contradiction. Hence
Op(G) = 1 and NG(K) is p-nilpotent for every subgroup K of P with Op(G) <K  P .
Now, by Frobenius theorem [Ro, Theorem 10.3.2] again, we see that G/Op(G) is p-
nilpotent and therefore G is p-solvable with the following upper p′p-series:
1<Op(G) <Opp′(G) <Opp′p(G)=G.
For any q ∈ π(G)with q = p, sinceG is p-solvable, there exists a Sylow q-subgroupQ
ofG such thatG1 = PQ is a subgroup of G [Go, Theorem 6.3.5]. By (1),G1 is p-nilpotent
if G1 <G. This leads to Q CG(Op(G))Op(G) [Ro, Theorem 9.3.1], a contradiction.
Thus, G= PQ is solvable.
Let T/Op(G) be a chief factor of G. Then T/Op(G) is an elementary abelian
q-group and there exists a Sylow q-subgroup Q1 of T such that T = Q1Op(G). It is
clear that PT = PQ1. If PT < G then, by claim (1), PT is p-nilpotent and therefore
Q1  CG(Op(G)), which contradicts the fact CG(Op(G))Op(G) [Ro, Theorem 9.3.1].
Hence T/Op(G)=QOp(G)/Op(G) is an elementary abelian q-group. The minimality of
T/Op(G) implies that P/Op(G) is a maximal subgroup of G/Op(G) and therefore P is
a maximal subgroup of G. Thus (3) holds.
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abelian split extension of a normal Sylow q-subgroup Q by a cyclic p-subgroup 〈a〉,
ap ∈Z(L) and the action of a (by conjugate) on Q is irreducible.
The solvability of G implies that G′ < G. If P  G′ then, by (1), G′ is p-nilpotent
and therefore Op′(G′)Op′(G)= 1. Thus G′ = P and NG(P)=G is p-nilpotent by the
hypotheses, a contradiction. Now we may assume that P  G′ and therefore G′Q < G.
Observing that Op(G)G′Q<G, we have that 1 = P ∩Op(G) < P .
If NG(P ∩Op(G)) <G then, since P NG(P ∩Op(G)) and by (1), NG(P ∩Op(G))
is p-nilpotent and so is NOp(G)(P ∩ Op(G)). Noticing that P ∩ Op(G) is a Sylow
p-subgroup of Op(G) and (P ∩Op(G))∩ (Op(Op(G)))= P ∩Op(G), it is easy to see
that Op(G) satisfies the hypotheses of our theorem for its Sylow p-subgroup P ∩Op(G).
Thus, by the minimality of G, Op(G) is p-nilpotent, whence so is G, a contradiction.
Hence NG(P ∩Op(G))=G and P ∩Op(G) is normal in G.
Now let P1/P ∩Op(G) be a maximal subgroup of P/P ∩Op(G). Then P NG(P1).
The maximality of P implies that NG(P1)= P or G. If NG(P1)= P then NH(P1)= P1,
where H = P1Op(G) = P1Q. It is easy to see that H satisfies the hypotheses of our
theorem for its Sylow p-subgroup P1. By the minimality of G, we have that H is p-
nilpotent. It follows that
Op(G)= (P ∩Op(G))Q= (P ∩Op(G))×Q
and therefore Q is a normal subgroup of G, a contradiction. Hence P1 is normal in G. It
follows that Op(G)= P1 and P/P ∩Op(G) is a cyclic group. On the other hand, by the
Frattini argument, we have that
G= (P ∩Op(G))NG(Q).
Thus, noticing that P is not normal in G and P/P ∩Op(G) is a cyclic group, we may
assume that G = (P ∩Op(G))L, where L= 〈a〉Q is a non-abelian split extension of
a normal Sylow q-subgroup Q by a cyclic p-subgroup 〈a〉. Since [P : Op(G)] = p and
Op(G)∩NG(Q)✁NG(Q), we see that ap ∈Z(L). Also, since P is a maximal subgroup
of G, we know that (P ∩ Op(G))Q/P ∩ Op(G) = Op(G)/P ∩ Op(G) is a minimal
normal subgroup of G/P ∩Op(G) and therefore the action of a (by conjugate) on Q is
irreducible. The claim (4) is proved.
(5) If Ω1(P ∩Op(G))∩ 〈a〉 = 1 then [Ω1(P ∩Op(G)),Q] = 1.
In fact, let G1 = Ω1(P ∩ Op(G))L. Then it is clear that Ω1(P ∩ Op(G)) is an
elementary abelian group by the hypotheses. Since, for any x ∈ Ω1(P ∩ Op(G)),
〈x〉〈a〉 = 〈a〉〈x〉 by the hypotheses, we have xa ∈Ω1(P ∩Op(G)) ∩ (〈x〉〈a〉)= 〈x〉. This
means that a induces a power automorphism of p-power order in the elementary abelian
p-group Ω1(P ∩ Op(G)). Hence [Ω1(P ∩ Op(G)), a] = 1. If there exist an element
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xa
−1ga = x1 and therefore xa−1gag−1 = x . It leads to
CG1(x)
〈
Ω1
(
P ∩Op(G)), 〈a〉, a−1gag−1〉.
Since the action of a on Q is irreducible, we have that QΩ1(P ∩Op(G))/Ω1(P ∩Op(G))
is a minimal normal subgroup of G1/Ω1(P ∩Op(G)) and therefore Ω1(P ∩Op(G))〈a〉
is a maximal subgroup of G1. It follows that CG1(x) = Ω1(P ∩ Op(G))〈a〉 or G1. But
1 = a−1gag−1 ∈ Q. Hence we have CG1(x) = G1, in contradiction to xg = x . Hence[Ω1(P ∩Op(G)),Q] = 1 and the claim (5) is true.
(6) [Ω1(P ∩Op(G)),Q] = 1.
In fact, we may let G1 =Ω1(P ∩Op(G))L. If Ω1(P ∩Op(G))∩〈a〉 = 1; then, by (5),
[Ω1(P ∩Op(G)),Q] = 1.
Now assume that Ω1(P ∩Op(G)) ∩ 〈a〉 = 〈apα 〉. Then 〈apα 〉 is a cyclic group with
order p and 〈apα 〉  Z(G1) since ap  Z(L) and Ω1(P ∩Op(G)) is abelian. Consider
the quotient group G1/〈apα 〉. It is clear that (Ω1(P ∩ Op(G))/〈apα 〉) ∩ 〈a〉/〈apα 〉 = 1
and every subgroup of Ω1(P ∩ Op(G))/〈apα 〉 of order p is permutable in Ω1(P ∩
Op(G))〈a〉/〈apα 〉. Noticing that Ω1(P ∩ Op(G))〈a〉/〈apα 〉 is a maximal subgroup of
G1/〈apα 〉 and using the arguments as in (5), we have that [Ω1(P ∩ Op(G))/〈apα 〉,
Q〈apα 〉/〈apα 〉] = 1, and therefore Q stabilizes the chain of subgroups
1
〈
ap
α 〉Ω1(P ∩Op(G)).
It follows from [Go, Theorem 5.3.2] that [Ω1(P ∩Op(G)),Q] = 1, and the claim (6) is
true.
(7) The final contradiction.
Case 1 (p > 2 or p = 2 and P is quaternion-free). For this case, applying (6) and
[Go, Theorem 5.3.10] for p > 2 or [Do, Lemma 2.15] for p = 2, we conclude that
[P ∩Op(G),Q] = 1 and therefore Op(G)= (P ∩Op(G))×Q. Thus Q is normal in G,
a contradiction.
Case 2 (p = 2 and [Ω2(P ∩ Op(G)),P ]  Ω1(P ∩ Op(G))). For this case, we let
D = CG(Ω2(P ∩Op(G))/Ω1(P ∩Op(G))). Then P  D by the hypotheses and D is
a normal subgroup of G. The maximality of P implies that D = P or D =G. If D = P
then NG(P)=NG(D)=G is p-nilpotent by the hypotheses, a contradiction. Thus D =G
and, of course, we have that [Ω2(P ∩Op(G)),Q]Ω1(P ∩Op(G)). It follows from (6)
that Q stabilizes the chain of subgroups
1Ω1
(
P ∩Op(G))Ω2(P ∩Op(G)).
By [Go, Theorem 5.3.2], [Ω2(P ∩Op(G)),Q] = 1. It follows from [Hu, Satz 4.5.12] that
[P ∩Op(G),Q] = 1 and therefore Q is normal in G, a contradiction.
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The following corollary is now immediate.
Corollary 2.2. Let p be a prime number dividing the order of a group G and let P be
a Sylow p-subgroup of G. Assume that Ω1(P ∩Op(G)) is contained in the center of P
and, in case p = 2, assume in addition that either [Ω2(P ∩Op(G)),P ]Ω1(P ∩Op(G))
or P is quaternion-free. Suppose also that NG(P) is p-nilpotent. Then G is p-nilpotent.
Theorem 2.3. Let p be a prime number dividing the order of a group G and let P be
a Sylow p-subgroup of G. If Ω1(P ∩Op(G)) is contained in the center of NG(P) and, for
p = 2, either [Ω2(P ∩Op(G)),NG(P )]Ω1(P ∩Op(G)) or P is quaternion-free, then
G is p-nilpotent.
The proof of Theorem 2.3 can be obtained from the following two lemmas and
Corollary 2.2.
Lemma 2.4. Let p be a prime dividing the order of a group G and let P be a Sylow
p-subgroup of G. If Ω1(P ∩Op(G)) is contained in the center of G and, for p = 2, either
[Ω2(P ∩Op(G)),G]Ω1(P ∩Op(G)) or P is quaternion-free, then G is p-nilpotent.
Proof. Suppose that the lemma is false and let G be a counterexample of minimal order.
Since all Sylow p-subgroups of G are conjugate in G and Op(G) is normal in G,
we see that Ω1(P1 ∩ Op(G)) is contained in the center of G and, when p = 2 and
[Ω2(P ∩Op(G)),G]Ω1(P ∩Op(G)), we can have [Ω2(P1 ∩Op(G)),G]Ω1(P1 ∩
Op(G)) for every Sylow p-subgroup P1 of G. Let H be a subgroup of G. It is clear
that Op(H)Op(G). It follows that H satisfies the hypotheses of our lemma. Thus, the
minimality of G implies that G is a minimal non-p-nilpotent group (that is, every proper
subgroup of a group is p-nilpotent but itself is not p-nilpotent). Now, by a result of Itô [Ro,
Theorem 10.3.3], G must be a minimal non-nilpotent group. Furthermore, by a result of
Schmidt [Ro, Theorem 9.1.9 and Exercises 9.1.11], we know that G is of order pαqβ
where q is a prime different from p, P is normal in G, and any Sylow q-subgroupQ of G
is cyclic. Moreover, Op(G)=G and P is of exponent p when p is odd, and of exponent
at most 4 when p = 2. Then, by the hypotheses,Ω1(P )=Ω1(P ∩Op(G)) Z(G). Thus,
G is nilpotent if p is odd, a contradiction. If p = 2 and P is quaternion-free then, by [Do,
Lemma 2.15], we have that [P,Q] = 1 and thereforeG is nilpotent, another contradiction.
If p = 2 and [Ω2(P ∩Op(G)),G]Ω1(P ∩Op(G)) then, noticing that Op(G)=G, we
have that Q stabilizes the chain of subgroups
1Ω1(P )Ω2(P )= P.
It follows from [Go, Theorem 5.3.2] that [P,Q] = 1 and therefore G is nilpotent, the final
contradiction. The proof of the lemma is completed. ✷
Lemma 2.5. Let p be a prime number dividing the order of a group G and let P be a
Sylow p-subgroup of G. Then we have the following facts.
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the center of NG(P) if and only if Ω1(P ∩Op(G)) is contained in the center of P and
NG(P) is p-nilpotent.
(ii) If p = 2 then Ω1(P ∩ Op(G)) is contained in the center of NG(P) and [Ω2(P ∩
Op(G)),NG(P )] Ω1(P ∩Op(G)) if and only if Ω1(P ∩Op(G)) is contained in
the center of P , [Ω2(P ∩Op(G)),P ]Ω1(P ∩Op(G)), and NG(P) is p-nilpotent.
Proof. We only prove (i). If Ω1(P ∩Op(G)) is contained in the center of P and NG(P)
is p-nilpotent then it is clear that Ω1(P ∩Op(G)) is contained in the center of NG(P).
Conversely, if Ω1(P ∩ Op(G)) is contained in the center of NG(P) then it is clear that
Ω1(P ∩Op(NG(P))) is contained in the center of NNG(P )(P )=NG(P). By Lemma 2.4,
we have that NG(P) is p-nilpotent. Thus, (i) holds. ✷
Remark 2.6. It is clear that Theorem 2.3 subsumes not only Itô’s lemma and Burnside’s
theorem for p-nilpotence but also the results of Ballester-Bolinches and Guo [BG]. Also
Lemma 2.5 implies that Corollary 2.2 and Theorem 2.3 are equivalent. Thus, Corollary 2.2
and therefore Theorem 2.1 also implies not only Itô’s lemma and Burnside’s theorem for
p-nilpotence but also the results of Ballester-Bolinches and Guo [BG].
Remark 2.7. The hypothesis that NG(P) is p-nilpotent cannot be removed from
Theorem 2.1 and Corollary 2.2. In fact, if we let G=A5, the alternating group of degree 5,
and p = 5 then it is clear that P ∩Op(G) = P for every Sylow 5-subgroup P of G and
P  Z(P). But G is not p-nilpotent.
We may, however, prove the following result.
Corollary 2.8. Let p be the smallest prime number dividing the order of a group
G and let P be a Sylow p-subgroup of G. Assume that every minimal subgroup of
Ω1(P ∩ Op(G)) is contained in the center of P and, when p = 2, assume in addition
that [Ω2(P ∩Op(G)),P ]Ω1(P ∩Op(G)). Also assume that every minimal subgroup
of Ω1(P ∩Op(G)) is S-quasinormal in NG(P) and, when p = 2, every cyclic subgroup
of order 4 of Ω2(P ∩Op(G)) is S-quasinormal in NG(P); then G is p-nilpotent.
Proof. A subgroupH of a groupG is called S-quasinormal in G if H permutes with every
Sylow subgroup of G. Now let Q be a Sylow q-subgroup of NG(P) for q = p and let A be
a minimal subgroup of Ω1(P ∩Op(G)) or a cyclic subgroup of order 4 in Ω2(P ∩Op(G))
when p = 2. By the hypotheses, QA is a subgroup of G. Since A is a cyclic Sylow p-
subgroup of QA and p is the smallest prime dividing the order of G, we have that QA is
p-nilpotent. Thus, [Q,A] P ∩Q= 1. It follows that Ω1(P ∩Op(G)) is contained in the
center of NG(P) and, when p = 2, [Ω2(P ∩Op(G)),NG(P )] Ω1(P ∩Op(G)). Now
by Theorem 2.3, G is p-nilpotent. The proof of Corollary 2.8 is complete. ✷
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In this section, we provide some applications of Theorem 2.1. A well-known result of
Thompson asserts that a group G is solvable if G has a nilpotent maximal subgroup of
odd order [Ro, Theorem 10.4.2]. Later on, there were given many various generalizations
of this result. Now we mention the following one. In [Br], it is proved that if a solvable
groupA acts on a groupG which has a nilpotent maximal A-invariant subgroupM with an
abelian Sylow 2-subgroup then G is solvable. Now we can prove the following theorem.
Theorem 3.1. Assume that a solvable group A acts on a group G. If G has a nilpotent
maximal A-invariant subgroup M which has a Sylow 2-subgroup P with the property
that every minimal subgroup of Ω1(P ∩ Op(G)) is permutable in P and [Ω2(P ∩
Op(G)),P ]Ω1(P ∩Op(G)) then G is solvable.
Proof. It is clear that P is A-invariant. If P is normal in G then M/P is a maximal
A-invariant subgroup of G/P . By the theorem of [Br], G/P is solvable and so is G.
Hence we may assume that Sylow 2-subgroup P of M is not normal in G. It follows
that NG(P)=M since NG(P) is a A-invariant subgroup and M is a maximal A-invariant
subgroup ofG. Thus, P is a Sylow 2-subgroup ofG. Now by Theorem 2.1,G is 2-nilpotent
and therefore G is solvable by the odd order theorem [FT]. ✷
If we put A = 1 in Theorem 3.1, then it is reduced to a result which generalizes
Thompson’s solvability theorem [Ro, Theorem 10.4.2].
If we drop the restriction that A is solvable in Theorem 3.1, we can prove the following
result.
Theorem 3.2. Let G be a group on which a group A acts. Assume that M is a nilpotent
maximal A-invariant subgroup of G and P is a Sylow 2-subgroup of M . If every
minimal subgroup of Ω1(P ∩ Op(G)) is permutable in P , [Ω2(P ∩ Op(G)),P ] 
Ω1(P ∩Op(G)), and one of the following conditions is satisfied, then G is solvable.
(i) There is an A-invariant Sylow q-subgroup Q ( = 1) of G for some prime q ∈ π(G)−
π(M).
(ii) (|A|, |G :M|)= 1.
Proof. We first suppose that G satisfies the condition (i). If M = 1 then A acts irreducibly
on G. It follows that G=Q is solvable.
Now we assume that M = 1. Since every Sylow subgroup of M is a characteristic
subgroup of M , we know that every Sylow subgroup of M is A-invariant. If there exists
a Sylow subgroup R of M such that R is normal in G then M/R is a nilpotent maximal
A-invariant subgroup of G/R. It is easy to see that G/R satisfies the other hypotheses of
our theorem. Thus G/R is solvable by induction and therefore G is solvable. So we may
assume that every Sylow subgroup of M is not normal in G. Noticing that M is a maximal
A-invariant subgroup of G, we know that M is a Hall subgroup of G.
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NG(ZJ (Mr))=M . By [Go, Theorem 8.3.1], G is p-nilpotent. If r = 2 then it is clear that
NG(Mr)=M . By our Theorem 2.1, G is 2-nilpotent. Hence if 2 | |M| then G is solvable
by the odd order theorem [FT]. Now we assume that M is of odd order.
Let R =⋂r∈π(M)Dr where Dr is the normal r-complement of G. Then R is a normal
complement of M in G and therefore R is A-invariant and Q  R. By the Frattini
argument,
G=RNG(Q).
It follows that
R ∩NG(Q)✁NG(Q).
Noticing that |R∩NG(Q)| = |R||NG(Q)|/|G| = |NG(Q)|/|M|, we know that R∩NG(Q)
is a normal Hall subgroup of NG(Q). By Schur–Zassenhaus theorem, there exists a Hall
subgroup H of NG(Q) such that NG(Q)= (R ∩NG(Q))H and (R ∩NG(Q)) ∩H = 1.
It is clear that |H | = |M|. According to the Schur–Zassenhaus Theorem again, there exists
an element x ∈G such that H =Mx . Hence M  NG(Qy), where y = x−1. Since M is
A-invariant, we haveM NG(Qya) for every a ∈A. But Sylow theorem implies that there
exists an element z ∈G such that Qya =Qyz. It follows that Mz NG(Qy)z =NG(Qya).
By a theorem of Wielandt [W1], there exists an element g ∈NG(Qya) such that Mzg =M
and therefore zg ∈NG(M). Since M is a maximal A-invariant subgroup of G and NG(M)
is A-invariant, we have thatNG(M)=M . Thus, zg ∈M NG(Qya) and so z ∈NG(Qya).
It follows that Qya = Qy and therefore Qy is A-invariant. Observe that NG(Qy) is
A-invariant; we have that NG(Qy) = G since M is a maximal A-invariant subgroup of
G and Qy M . Hence G=MQ and therefore G is solvable.
Next we suppose that the condition (ii) is satisfied. If M = 1 then A acts irreducibly on
π(A)′-group G. By [Ku, Theorem 7.7], G is an elementary abelian group and of course
is solvable. Now we assume that M = 1. By using the arguments similar to ones in the
above proof, we have that M is a Hall subgroup of G and there exists a normal Hall
π(M)′-subgroup R of G. It is clear that R is A-invariant and (|A|, |R|) = 1. Then, by
[Ku, Theorem 7.6], G has an A-invariant Sylow q-subgroup Q of G contained in R.
Now the condition (i) is satisfied and hence G is solvable. The proof of the theorem is
completed. ✷
Finally, we will give another application of Theorem 2.1. How minimal subgroups can
be embedded in a group G is a question of particular interest in studying the structure
of G. Now we mention a result of Buckley [BU]. He showed that a group of odd order
is supersolvable if each minimal subgroup of G is normal in G. Along the same lines,
several authors have investigated the influence which normality and permutability of the
minimal subgroups have on the structure of G (for example, see [GS]). Now we prove a
result which is a generalization of known results. First, we remove the assumption for all
minimal subgroups. We want to use few minimal subgroups to determine the structure of
the group. Second, we do not assume that minimal subgroups have some properties in G.
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we can prove the following results.
Theorem 3.3. Let N be a normal subgroup of a group G such that G/N is supersolvable.
Also let p be any prime number dividing the order of N and let P be a Sylow p-subgroup
of N . Assume that every minimal subgroup of Ω1(P ∩Op(G)) is contained in the center
of P and, when p = 2, assume in addition that [Ω2(P ∩Op(G)),P ]Ω1(P ∩Op(G)).
Also assume that every minimal subgroup of Ω1(P ∩Op(G)) is S-quasinormal in NG(P)
and, when p = 2, every cyclic subgroup of order 4 of Ω2(P ∩Op(G)) is S-quasinormal
in NG(P). Then G is supersolvable.
Proof. Let p be the smallest prime number dividing the order of N and let P be a Sylow
p-subgroup of N . After noticing that P ∩Op(N) P ∩Op(G) and NN(P)NG(P) and
using Corollary 2.8, we derive that N is p-nilpotent. By using Corollary 2.8 repeatedly, we
obtain that N is a Sylow tower group. Now let q be the largest prime number dividing
the order of N and let Q be a Sylow q-subgroup of N . Then Q is normal in G. It
is clear that N/Q is a normal subgroup of G/Q and (G/Q)/(N/Q) is supersolvable.
It is also easy to verify that G/Q satisfies the other hypotheses of our theorem. By
induction, G/Q is supersolvable. Of course, every minimal subgroup of Ω1(Q∩Oq(G))
is contained in the center of Q and is S-quasinormal in G = NG(Q). When q = 2, we
also have [Ω2(Q ∩ Oq(G)),Q]  Ω1(Q ∩ Oq(G)) and that every cyclic subgroup of
Ω2(Q∩Oq(G)) with order 4 is S-quasinormal in G=NG(Q).
Let r be the largest prime dividing the order of G and let R be a Sylow r-subgroup
of G. Consider the subgroupG1 =QR of G. If q < r then it is easy to see that G1 satisfies
the hypotheses of Corollary 2.8 for prime q . Thus R is normal in G1. The supersolvability
of G/Q implies that G1 is normal and therefore R is normal in G. It is clear that NR/R
is normal in G/R and (G/R)/(NR/R)G/NR is supersolvable. It is also easy to verify
thatG/R satisfies the other hypotheses of our theorem. By induction,G/R is supersolvable
and therefore G  G/(Q ∩ R) is supersolvable. So we can assume that q is the largest
prime dividing the order of G and q = 2.
Since G/Oq(G) is a q-group, we have that G/(Q∩Oq(G)) is supersolvable. Now let
H be a Hall q ′-subgroup of G and let the exponent of Q∩Oq(G) be qe. For any minimal
subgroup A of Ω1(Q ∩ Oq(G)) and any Sylow subgroup T of H , by the hypotheses,
AT is a subgroup of G. Thus, [A,T ]  (AT ) ∩Ω1(Q ∩ Oq(G)) = A and therefore T
normalizes A. This leads to that every minimal subgroup of Ω1(Q ∩Oq(G)) is normal
in G2 =H(Q ∩Oq(G)). Let x be an element of Q ∩Oq(G) of order q2 and g ∈G2 be
arbitrary. Then
(xg)q = (xq)g = xqi = (xi)q
for some integer i . By [BU, Theorem 1(iv)], we have that xg = xiu where u ∈ Ω1(Q ∩
Oq(G)). So every minimal subgroup of Ω2(Q ∩Oq(G))/Ω1(Q ∩Oq(G)) is normal in
G2/Ω1(Q ∩Oq(G)). By induction, we have that every minimal subgroup of Ωj+1(Q ∩
Oq(G))/Ωj(Q∩Oq(G)) is normal in G2/Ωj (Q∩Oq(G)) for j = 1,2, . . . , e− 1.
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of Q∗:
1 <Ω1
(
Q∩Oq(G))<Ω2(Q∩Oq(G))< · · ·<Ωe(Q∩Oq(G))=Q∩Oq(G).
Since Q∗ is a q-group, the above series can be refined so that the following series
1 =M10 <M11 <M12 < · · ·<M1t1 =Ω1(Q∩Oq(G))=M20 <M21 <M22 < · · ·
<M2t2 =Ω2
(
Q∩Oq(G))< · · ·<Q∩Oq(G)
becomes a part of chief series of Q∗ and Mjk+1/Mjk is cyclic with order q for j =
1,2, . . . , e and k = 0,1,2, . . . , tj − 1.
By the above proof, we know that this refined series must be a part of chief series of G.
It follows from the supersolvability of G/(Q ∩Oq(G)) that G is supersolvable. Now the
proof is complete. ✷
The following corollary is immediately.
Corollary 3.4. Let N be a normal subgroup of a group G such that G/N is supersolvable.
Also let p be any prime number dividing the order of N and let P be a Sylow p-subgroup
of N . Assume that every minimal subgroup of Ω1(P ∩Op(G)) is normal in NG(P) and,
when p= 2, assume in addition that [Ω2(P ∩Op(G)),NG(P )]Ω1(P ∩Op(G)). Then
G is supersolvable.
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